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Introduction.
Given a convex bodyB that is, a compact convex set with non empty i n terior in R n we denote by B its characteristic function. The study of the decay of the Fourier transform b B ( ) = Z B e ;2 i x dx as j j ; ! 1 , in terms of the geometric properties of B, is a fascinating and by now classical subject (see 18, Chapter VIII]for basic results, related problems and references). For instance, it is well known that, when the boundary is smooth with everywhere strictly positive Gauss-Kronecker curvature, the order of decay of b B in a given direction is independent of this latter.
This situation is far from being typical, as one can easily check by considering either a cube or any convex body with a smooth boundary containing at points. Furthermore, a number of problems requires some sort of \global information" on the decay o f b B ( ) which is not a direct consequence of the presently known directional estimates.
In this setting, the study of the spherical L p -averages We n o t e t h a t t h e L 1 case is also naturally related with the summability of multiple Fourier integrals (see e.g. 2] or 4] ), moreover, F. Ricci and one of us (G. Travaglini) have recently shown that the general L p case is connected to boundedness of Radon transforms (see 16] ).
Throughout this paper, unless otherwise explicitly stated, we consider convex bodies B in R 2 with piecewise smooth boundary. More precisely, we assume that @ Bis a union of a nite number of regular arcs, each one of them being C 1 in its interior.
According to a more general result of Podkorytov 13] It is an easy consequence of a result of Montgomery 12, p . 116] that (1.1) is sharp. Namely, f o r any B, (1.2) lim sup We stress that in the L 2 case the order of decay is independent of B. The aim of this paper is to study the general L p case where the results turn out to depend on the shape of B.
It is worth to begin with the case of a polygon P. It On the other hand, when 2 p 1 the main contribution is given by the at points (if any), as one may guess considering the L 1 case.
We summarize the main results discussed so far in Figure 1 . It is natural to ask whether (1.4) and (1.5) can be turned into estimates from below. As a matter of fact, a negative answer is given by the two simplest examples of convex bodies in R 2 : the square (see Lemma 3.12) The above results are organized in our main theorem of Section 2. We stress that such general L p estimates hold provided @ Bis piecewise smooth. In Section 4 we shall see that in the framework of arbitrary convex bodies one can nd very \chaotic" situations.
A basic tool in some of our proofs is the following known fact. Let S = sup x2B x . For > 0 su ciently small we de ne, see Figure 2 , the set (1.6) A B ( ) = fx 2 B : S ; x S g : as ;! 0, is indeed a genuine problem in the geometry of convex sets.
To the best of our knowledge, such a problem has never been considered beforeand the closest area in the eld is perhaps the study of oating bodies (see e.g. 17]). In Section 5 we shall investigate the admissible decays of We end the paper by applying some of the previous results to a problem on the numberof lattice points in a large convex planar body B .
Elementary The following are equivalent : i) There exists a convex body B with piecewise C 1 boundary such that the p-average decay of b B has optimal order a.
ii) (1=p a) 2 S T.
II) Let p = 1. If P is a polygon then '( ) = ;2 log (1 + ) is an optimal estimate for the 1-average decay of b P . If B is any other convex body with piecewise C 1 boundary, then the 1-average decay of b B has optimal order 3=2.
Moreover it will be clear from the proof that this result still holds after substituting the word \optimal" with the word \sharp".
The above theorem will be obtained as a consequence of the following somewhat more informative results.
In the rst Proposition we c o ver the case 1 p 2 w h e n B is not a polygon. We claim that the last integral tends to zero as tends to in nity. Observe that 0 j ( ) = 0 since is normal to @ Bat the point j ( ). Hence c) We suppose now that for every 2 U the points 1 ( ), 2 ( ) have the same curvature and that and 2 ( ) ; 1 ( ) a r e parallel. In this case the quantity (3.2) vanishes so that j1 + e ;2 i j > 0 the proof is complete.
The result of the previous lemma can be strengthened under simple geometric hypothesis on the boundary. The following de nition may b e useful.
De nition 3.3. We say that a convex body B is a cut disc if it is not a polygon and if its boundary @ Bis the union of a nite number of segments and of a nite number of couples of antipodal arcs of a given circle.
We now need a technical lemma.
Lemma 3.4. Let I and J be two neighborhoods of the origin in R and let f 2 C 2 (I), g 2 C 2 (J). Assume f(x) < 0, f 00 (x) > 0, for x 2 I g(x) > 0, g 00 (x) < 0 for x 2 J also suppose f(0) = ;1, g(0) = 1, f 0 (0) = g 0 (0) = 0. Finally we assume the existence of a bijection H : I ;! J such that i) f 0 (x) = g 0 (H(x)), ii) the curvature of the graph of f at (x f(x)) equals the curvature of the graph of g at (H(x) g (H(x))), iii) the segment joining the points (x f(x)) and (H(x) g (H(x))) is orthogonal to the tangent lines at these points.
Then the graphs of f and g are t w o (antipodal) arcs of equal length in the same circle.
Proof. By our assumptions, We now consider polygons.
The following lemma appears in 3] here we give a di erent, more geometric, argument based on the previous lemma.
Lemma 3.9. Let P be a compact polygon in R 2 . Then We still have to check sharpness of the estimates in (3.5). This is not entirely trivial since parallel edges of P (if any) give the same contribution to the decay o f b P so that cancellations may occur. Actually this does not happen for p = 1 , b u t it may happen for p > 1, as shown in the next three lemmas. Lemma 3.10. Let P be the characteristic function of a compact convex polygon P in R 2 with non empty interior. Then Observe that choosing a sequence n so that n jHj sin ' is close to an integer we immediately get The case ' = =2 is similar. We x " > 0 so that 0 " ] U(0). Next Proof. We can suppose that one of the sides of P is vertical. We assume the following facts, which will be proved in the sequel: there exists k ;! +1 so that jb P ( k 0)j c k (3. where h(t) is the length of the chord given by the intersection of P with the line x 1 = t. Observe that h(t) is a piecewise linear function, continuous at any point except at least one of the extremes of the support. Split h(t) = b(t) + g(t) where b(t), g(t) and h(t) share the same support, b(t) is linear inside the support and g(t) is continuous on R. Our choice forces b(t) to be discontinuous in at least one of the extremes (recall that at least one side of P is ortogonal to (1 0)), while g(t) must bepiecewise linear. The following lemma is taken from 3]. We reproduce the short proof. The forthcoming results will be used in the proof of Proposition 2.5. which implies h 0 ( ) > 0 since 0 < < 1. Further di erentiations show that h 00 ( ) < 0 and h 000 ( ) > 0. We now turn to k( ), which is the distance between the points A and C in Figure 3 . In order to prove that the negative function k 00 ( ) increases with we observe that (3.10) k 00 ( ) = ;K(A) ( 
where K(A) denotes the curvature at the point A. Now it is easy to check that K(A) decreases as A moves towards O (that is as grows). On the other hand, by convexity, k 0 ( ) decreases too. Therefore, by (3.10), k 00 ( ) increases and this ends the proof of the lemma. (6 ) (;f 0 (t)) cos (2 (t + ) ) dt with j 0 the smallest even integer such that j 0 =(4 ) ; b. First we observe that jI 3 ( )j c= and therefore its contribution is negligible.
We consider I 4 ( ) and we show that Proof. Let B beaconvex body symmetric with respect to the vertical axis and assume that its boundary @ Bsatis es the following conditions. i) @ Bpasses through the origin and it is of class C 1 in any other point.
ii) @ Bcoincides with the graph of the function y = jxj in a neighborhood of the origin (the exponent = (p a) > 2 will be chosen later).
iii) @ Bhas strictly positive curvature out of the above neighborhood.
We rst prove that jb B ( )j c ;1;1= for any 2 1 . This boundseems to bequite obvious since j 2 j ;1;1= is the order of decay of b B (0 2 ), that is, the decay associated to the attest point in @ B . However, a proof seems to be necessary (in order to check that the constant does not depend on ), and the argument will beneeded in the sequel. Let = + =2. We c hoose " > 0 su ciently small and we assume " j j ;". Since for " j j ; ".
Symmetry enables us to consider only the case 0 ". The assumptions on the curvature of @ Bshow that the contribution of jA B ( ;1 + =2)j is not larger than c ;3=2 so that it su ces to consider A B ( ;1 ; =2) (which is a cap close to the origin).
We set more notation. For any 0 ", w e consider the straight line with slope and tangent to the curve y = x at a point (x 0 x 0 ). Then A B ( ;1 ; =2) is the set enclosed between the line y = r(x) = x ;1 0 (x ; x 0 ) + x 0 + ( cos ) ;1 and the curve y = x . Let us call x 1 and x 2 the abscissae of the two points where they intersect (see Figure  4) . We further split the interval 0 " into 0 c ;1+1= and c ;1+1=
" for some suitable constant c. Assume (3.14) 0 c ;1+1= :
Since is positive, jA B ( ;1 ; =2)j c ;1 x 2 . We recall that x 2 is the largest solution of the equation
0 (x ; x 0 ) + x 0 + ( cos ) ;1 : We now estimate x 2 . This gives a boundfor jA B ( ;1 ; =2)j since the assumption 0 yields x 2 jx 1 j. To do this we observe that (3.14) implies that the above equation has no solutions for x > k ;1= for k su ciently large. Indeed, (3.13) ". Then (3.15) , (3.18) , the assumptions on the curvature of @ Band Lemma 3.8 yield (3.19) jb B ( )j c 7 ;1;1= :
for any .
We n o w study the estimates of the L p -norm, 2 p < +1. Because of the symmetry of B it is enough to bound We recall that the above holds whenever p > (2 ; 2)=( ; 2). This ends the proof once we observe that when p > (2 ;2)=( ;2) we h a ve (2 p ; 2)=(p ; 2) < < 1 and therefore the range of the exponent 
implies continuity of n . Next, let 1 < p < 2 and 3=2 < < 1 + 1 =p. Let B bea c o n vex set with piecewise smooth boundary. The results in the previous section show that the family f n g satis es n (B) = o (n ; ) when B is a polygon and n ; = o ( n (B)) if B is not a polygon nor a cut disc. Therefore, the sets A 1 = fB 2 C : n (B) = o (n ; )g and A 2 = fB 2 C : n ; = o ( n (B))g are dense in C. A similar argument also applies when p > 2.
We now use the following result due to Gruber, 6 ].
Lemma 4.1. Let T be a second category topological space. i) Let 1 2 2 R + and let 1 2 : T ;! R + be continuous functions such that A = fx 2 T : n (x) = o ( n ) as n ;! +1g is dense in T. Then for all, but a meager subset of x's belonging to T, the inequality n (x) < n holds for in nitely many n.
ii) Let 1 2 2 R + and let 1 2 : T ;! R + be c ontinuous functions such that B = fx 2 T : n = o ( n (x)) as n ;! +1g is dense in T. Then for all, but a meager subset of x's belonging to T, the inequality n < n (x) holds for in nitely many n.
By way of summary we have. The proof of this theorem is largely a consequence of results in the previous section. Actually, the present problem is simpler since A B ( ) is positive and no cancellation can arise. We s k etch the argument for a reader speci cally interested in this result.
Proof. We split the proof into several steps. We assume > 0 su ciently small. This has beenproved by Podkorytov i n 13, p. 60].
Step 2. If P is a polygon, then These estimates are easy consequences of the argument in Lemma 3.9.
Step 3. Upper bound when 2 p 1 for any B.
The case p = 1 is obvious the case 2 < p < 1 follows as in Lemma 3.13.
Step 4. This is precisely the content of Lemma 3.16.
Step 5. Lower bound for 1 p 1 when B is not a polygon 6. Lattice points in large convex planar sets. Proof. The estimate from above is easy (and essentially known). Indeed DnB looks like in the following picture and therefore, by applying Lemma 3.8 to each one of the connected components of DnB, we get jb DnB ( (m))j c ;2 uniformly in 2 U. 
